Mathematics 315 Final Exam, Part I1 Name:
Spring 2007 (1 pt.)

This portion of the 200-point final examination is open book/notes. You are to solve three problems of
your choosing, subject to the constraint that at least one problem must be chosen from Group 1 and
at least one problem must be chosen from Group 2.

Group 1.

1.(36 pts.) Let p, =2, p, =3, p, =5, ... denote the (infinite) sequence of prime numbers, let 7(x)

denote the number of primes less than or equal to x, and let f(x)= 1 for x> 0.
x

(a) Show that J’ f@d(n(n)= Z— for x> 2.

Pesx by

(b) Show that j FO)d(x()) = ”(x) j”( Dt for x>2.
(c) Use (a) and (b) to verify that

> —=In(in(x))+ j(n(t)—ﬂlfg]—

Prsx pk
Assume that to each a >0 there correspond real constants B = B(a)>1 and C = C(a) >0 such that
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(e) Why does the improper Riemann integral J{n(t) -

(d) Use (*) to help show that lim
y>x

t
—- converge?
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n() ) 7
() Use (c) and (*) to help show that
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2.(36 pts.) Let F be a continuous real function on the unit cube
={(x,y,z)eIR3 :0<x<), 0<y<], OSZSI}

in R*. Show that to each £ > 0 there corresponds a positive integer N and a finite collection
Ji:80hs s fy, 8. hy of real polynomials on the unit interval [0,1] such that

Fx,y,2-) fi(0g.0h(2) <e
forall (x,y,z) in Q.

3.(36 pts.) Consider the 27 — periodic function f determined by f(x)= T2 if —m<x<n.




(a) Compute the Fourier series of f with respect to the orthogonal set of functions {e"’”‘}“o on the

n=—@

interval [~7,7].

(b) For each x in the interval [-7,7], discuss the pointwise convergence (or lack thereof) of the
Fourier series of f at x to f(x). ‘

(c) Discuss the uniform convergence (or lack thereof) of the Fourier series of f to the function f on
[~m,7].

(d) Discuss the L' —convergence (or lack thereof) of the Fourier series of f to the function f on
[—” T ] .

k
(¢) Use the preceding to help compute the sums of (kl) ]
, +

©
k= 2

1
43

k=1
Group 2.

4.(36 pts.) Let (a,, )L be a positive divergent sequence, and for every positive integer n let

. 1 1
a, if xe| —,—|,
fi(x)= (’Hl n]
10 otherwise in (0,1).

o

®© 1
@If <a_;> is a bounded sequence, show that < I fndx> is a bounded sequence.
n 0

n=1 n=1

(b) Place an X in each blank below that would imply
1 1
lim j f,dc= [lim f,dx
0 0

and an O in each blank otherwise. Supply reasons for your answers.

@) < ar >°0 is a bounded sequence.
In(n)/,_,
(ii) lim In —~=0
7' In (1 + :/7)
(iii) lim % =0
@v) <n2 Z:(n) >"=2 is a bounded sequence.

5.(36 pts.) In this problem you may assume that the Riemann-Lebesgue L.emma holds for functions in

L(~n,7n): If feL(~n,x) then lim 7] f(x)cos(nx)dx =0 =lim 7] f(x)sin(nx)dx.




Let (nk ); be an increasiﬁg sequence of positive integers, let E be the set of all x in (-7, 7) for which

( sin(n,cx))r:=1 is a convergent sequence, and let- 4 be any measurable subset of E.
(a) Show that lim [sin(mx)dx =0.
A
(b) Show that lim 2 Aj(sin(nkx))z dx = lim Aj (1-cos(2n,x)) dx = m(4).
(c) Use (a) and (b) to help show that m(E) =0.

6.(36 pts.) Let / be a bounded measurable function on [0,1] and define
F(x)= [f(@dt for x in [0,1].
0

(a) Show that F is continuous on [0,1].

(b) Show that F is of bounded variation on [0,1].
Assume that Lebesgue’s theorem for differentiation of monotone functions holds: If g is increasing on
(a,b) then g'(x) exists a.e. in (a,b).

(c) Why does F'(x) exista.e. in (0,1)?

(d) Use (c) to help show that j'{F ‘- f (t)} dt=0 forallyin[0,1].

(e) Use (c) and (d) to help show that F'(x) = f(x) ae. in[0,1].
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