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Mathematics 325
Summer 2000

(25 pts.) (a) State and prove the theorem known as the (weak) maximum-—

tnimum principle for (solutions to) Laplace's equation.
(b) Give a physical interpretation for the result in part (aj.

(2) Theorem: Tf wzufny) solves w + “y"z © im an open bourded set D in the plane andl
15 Continuous om the closuve P = DUD of D, then the maximum and minimum values of w
on D are aftaned on the L,MAWJ D of D.
Proct: Lot €30 amd ek VOyy) = wlxu)t i(xth") fov (ey) inD. We claim Hat
v altins s maaimum on D at a ?o‘m{: & 3D, For suppese not, Hen v alfains (£ maximum
on D at (an wheder pont) (xy,y.) in D . This 'm?ltes v, (e,y0) = v, y (x090)=0, ¥, (e,90) %0

and vfﬁ(x.,j.) <o. But Hhen
= 4-6_/

-

o 2 VxxLXo)‘103+ va) O‘o)'jo) = Mxx(xo)tjo)-l- u.u"(ijo] +4¢

which sontvadicts €70 . s proves the claim,
Note tht M = max (4 7") is $intbe since D s bounded. Thus

(x,4) €3D
(- max wixy) € max lulgy)+ e(xz*jt)] = MaAx __V(":'ﬂ = max  V(%y)
xy)eD tiyleD biy)eD *,4)€3D
| =(:;§e i wrsg) i(";*‘jp)] + eM+ Z::;ewu(x,‘g) .
Becawse £330 s J’shmra , it Sollows Frem (f) that "(‘::‘;;ej\&(xﬁ) < Z;:;-eapu(x,‘j) .

Since Z’D.C:-fl e veverse 'mc?«h“a o\zu\b k.\&sl and honce
mox _ ulny) = wae  wlxy) ;e the waximum value of w o the closure
&yy4)€D (54)&3D

of D is aftained om the Lﬂuwbwaz of D,

Te preve the. mujoaou.s. minimwm value vesult , note that -w solves the

L-Tlm uvub»m n D and is continuouws an D. 'ﬂm&,*‘m MO R P'““d?‘e holds.
‘Y'owr -w So .

min winy) = — Mmoo {-— u.(»,y)] z — mAx (’-.,(,;,.,)]
(x4)€D (€D (49)6aD (o) @

(See buck side for (b)]

= rmn u.(f;,») .



#4 (,L) The Sl’uidvskd'e {cmyev’a:\'w(c wixy) ot ?osﬂion G4y) of a lamines
nﬂ;”\ P satisfies Hhe La‘;law 31...*101\ “,, + u,j:o mD. TF D is bounded
Hen fhe maximum ~ nunimum Trlnclrle “35 Hat the hottest am\ coldest &nyuw&ms

m D eteur om He L.MA”D o D.



2.(23 pts.) Find the solution to

u, - u = 0 for —w < = <€ w¢ O < t 0.
t X X
which satisfies
ulx,0) = x8 for -o» < %x < .
You may find the following identities useful:
0 o Q0
2 2 r
-p -p . 2_-p i
e dp = I;, pe dp = 0, p e dp =
| | | :
hadd ] -0 -
B\\] o fwmala Prom Section 24 o candideke for fhe solukion is
o0 kS
_x-y)
(%) w(x€) = . S e “t 7’&:) foy —00 < x< 00 amde o<t <o |
ETT) N
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[S«‘ncc ?(*,\:31 is wet bounded on -oo<7< <, we are not 3‘*""“"{“‘\ Ahat Heis formula,
adl’u-"a «b‘-vcs the sdution 4o He r(ouem; we will need fo check owr £nal form. ]

Mabke fhe substitidion P= %i%— o %e‘;n’:esv’ajaf(!"). Then AF:: % So
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wixt) = _\;:S e (x+ fﬁ?)dr
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lntegrable
methods to solve
X < oo, O <y < oo,

3.(25 pts.) Let ¥ and y be piecewise—-continuous, absolutely
functions on (—w,cw!. Use Fourier transform
u + U = 0 for —w <
XX YY
ibject to the boundary condition
ulx,0) = f(x) for —aw < ¥ < o

and the decay conditions

I1im ulx,y) = 0O for each ¥ & {—w, w)
Y — 00
and, for each y > 0O,
|u(x vyl o= juwix) | for all —-w < x < .

Bonus(10 pts.):

problem if the function f is given by f(x) =

otherwise.

Flus
Fu,)

“y) 6) = F(°) ()
(5 + fI"(ur}X;)-—o
(D 7)) + ggiwn =0

2 F(w)G) - £Fwg = o

L. 3'(“)(3) = c'('i)es"j&— i(})é;v

Compute an eyp11c1t formula for

(*#) L*‘ '*( 4) )(3) = j»:“ ﬂ_J u(*,j):;xdx

-fo
m dx
r—rrg bov, e

D-»«

fwfﬂu,~°4< g < ed, Onftazdﬁd,xuug

the solution to the above

1 for jxji < 1, and f(x) = 0O

J"wjm G) - ()~ (o) »ﬁ c@)=o ¥ >0
ad\ C;(i):;o }/ £<o- //LW

c(’)é;'j ;{ ; o

_l " My
5‘(“)8) B { C‘G)Ja ,6 £<o0 % C—G)e
FHf Ve = f(u(-,o\)(;] = c(z)ef =c§)-

P, » /TM Bty Clovilf 0=y
F(wi) = FE)g)e ok 5‘6)(;)3"(/——————)(

= ﬁfaﬁ(‘f’kg’ (')'4-\)“) 5)
P

K("/‘j) = J"kF* ()14"1 )(7‘)
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cuy = L n&(s) ds
“9) "'_Soo (x-sY+ y*
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4.(25 pts.) Use separation of variables to find a formal solution to

u, — u = Q for O < « ¢ 1, O < t < o,
t X X '
subject to
u O.t) =0 = u (1,8 - ull,t) for 0 = t < w,
and
ulx,0) = @(x) for @ € x £ 1
where ¢ is a (givern! contirnuous furctiom orn [0Q,11.

Bornus (10 pte.i: Is at most ome soluticon to the above problem? Why or why

not? e

/ 7 , é
< - — Y,.T - ﬂT't' :—_O # K(") T()__ ;{-“:_
wet)= BT =  TTer-3 (T 56T T 5.

T =0 for 02t = Y@ =0 ; K0T - X0Td) =0 for o5t = ETW=X) |
l}_-(-,”(") + XX(X): o, X E_o) =0 % (t)-X(t) (mauw;.[uc rolalC"‘)
{ Ty $ATR) =0
Cose )‘70(53 A:}ju‘wfc yro): E(x)= c'w(?x’* ctgm(?,g 0= Y(o)—(&c = c =0 w’m
Tz -peaae beeltx)  o=xln- xo)-{p lf - el e,
= Aelp) = ()
F ? estivee
Thore 22 am imfinite 7‘-%%3“3““"“““’
‘-?p >\‘=(5,1 X.= * ... where ﬁ‘ LM&
. Y 2 ?tl
He ?os.‘h\ac s-(«:ﬁw b G, (Sa- f‘a-dv,l;

L awf-w:ew X(") Ca:> &) (r=1y23..)

8 LT AT =0 » T 'PJ‘
(P 274838004570, f% (21250416 )

..a..ui.

Gahzo: X(*)zcl"“z 0=Z(°)="-.

; } Ne nadrvia) schions. tn Ris cane
X(¥)=c' o=Zn-XU) = o-e¢,

Cue N £0o( 504 D= '?z_“'a"’“'(}"’): X(n=c,wu{5~)+c,dﬂ(gx) O‘X’(o) -.»%c- DHe,=o M‘I'
¢

Xers po sk peoellpl 0 =2(0-301 =(fsekp) - ok,

= ki) = L (W)

_ g
'ﬂwu. /; Mﬁ& A‘_':- P: where )4-4&

3-:4'.-9&((9)

B i slin. o (o . (i) (1= 11976 TBL 1026,

E.'r..r...ak-; E(x) = g..u(sp)

’ - z
Tott' +)°—|—°&) =0 = To(‘ﬂ': e ;b = e@,b

(Q‘on‘b . )
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