Mathematics 204
Fall 2010

Final Exam

Your Printed Name: _“Dy. Gvow

Your Instructer’s Name:

Your Section (or Class Meeting Days and Time):

1. Do not open this exam until you are instructed to begin.

2. All cell phones and other electronic noisemaking devices must be turned off or completely silenced (i.c.
not on vibrate) for the duration of the exam.

3. The final exam consists of this cover page, 9 pages of problems containing 10 numbered problems, and a
short table of Laplace transform formulas.

4, Once the exam begins, you will have 120 minutes to complete your solutions.
5. Show all relevant work. No credit will be awarded for unsupported answers and partial credit depends
upon the work you show. In particular, all integrals, partial fraction decompositions, and matrix

computations must be done by hand.

6. You may use the back of any page for extra scratch paper, but if you would like it to be graded, clearly
indicate in the space of the original problem where the work is to be found.

=3

The symbol [22] at the beginning of a problem indicates the point value of that problem is 22. The
maximum possible score on this exam is 200.

problem 1 2 3 4 5 6 7 8 9( 10| Sum
points
earned
maximum
points 14 20 22 20 22 15 21 22 22 22 200




1.[14] Circle the letter corresponding to the differential equation whose direction field is given in the figure
below, Then explain your reasons for your answer. Note that “My calculator says so.” is not a valid

reasoin.
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The dicection fidd We.sfouA_s to an automous diffeventinl %u.,a:t’im with

%dll]yﬁm soludions y=o and \j.-_ 2. . Therebove W&fafuﬁdw
C""’Mﬂb“b @y and (b) ave diminaded because y=-l is theic ob eq,«ilt‘l"';“m sohdkion .
When y=1, () has 4’ =1"-20)= -1 while (d) has 5': 20)-1%=1, Consequently,
since the divection field above hows a Slore. of affrox}m’oela +1 when Y =1,

e d,iﬂ'e\’eukiaj Ul/uaﬂou (_0'.) corrosronis o the divection field sbove ,



2.[20] Find the general solution of y' =2y +4—1. (Liht’.a&’, ¥EG£~OY1£Y DE \
j’- zj = 4-4% is the standard wormalized form for Hhe linear PE.
A - - -
" mb«zmbﬂj foctor is .
5;&&/0 f-2dk ot
= & = & _
2t
Then é% (3 zj) (4 e oy

iy 2t it
(%) ye w -‘2.623 = “-be .

Observe that the left member of the %uab.an afaove, (s exact since
?\’OJ.U-C,{? rule m‘)[teﬁ (J'C ) = je. -{— (_——L)e }j 'Tt\‘_re_fgre_, C.k)
is %uivalené to

- -Z'b
3 t) (4-tle
jn{'eﬁmﬂmzs bo{"'\- sides with fe_sPe,o{/ 4o t Ufeu.s
"'t - [e-be TS
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'.,rn{-ee,mhn LJ arts with U= 4-t ad dV =¢ A |eads to

ot
je, - L4"{'/)_€_::; —_ S = (auS)

(2 %éﬂ;*_ le + ¢
¥ o iem
Mul&l?ljn?s %rmbﬁxod: LU e B;e[o\s the 3weral solut

Y t .L+Ce7/t
ldL)- -B+ % * 2

s

= -1 -
(3@73 ?4'%"' Ce \

—_—

where € s an MLI{j’a.r-j cemstant .



3.[22] (a) According to Newton’s law of cooling, the temperature of an object changes at a rate proportional to
the difference between the temperature of the object and the ambient temperature (i.e. the temperature of the
surroundings). Express Newton's law of cooling as a differential equation.

dT _
g - k(T-T,)

Here T (1) represenks the temperatuve of fhe olvje.d: ab time £,

rT:’ is the a.n!-:icw{:

‘E&mychiwre omd k is a constant of ?fo of{;a,omldl;)

(b) A murder victim was found on the street at 12:00 midnight and the temperature of the body at that time was
85°F. After 2 hours, the temperature of the body had dropped to 74°F. Between 9:00 PM and 2:00 AM, the
outdoor temperature was steady at 68°F. Use Newton's law of cooling to determine the time the crime took place.

You should assume the temperature of the body at the time of death was a standard 98.6°F, and be sure to give

your answer in terms of a time of day as read on a clock - for example, 9:38 PM.

= kdb  (Vavihes Sepacable)

-
Iu{eamana both sides aiv'cs
/Eu('_r'- ’T;): IZ‘(H'(‘,.
Exfowr’daﬁng -afelcls
Rbtc kRt _c
T-T = e =Ae” (k=€ )
. Tir= T+Ae.
We will let T'(t) denste the Fahvedreik

’ci.m?erduxe. t hours after 12:00 ulin'jkb.

Then T(oy= 85 and T(2)= 14, so

5= b8+ A
and,

k
14 = 8+ Ae .

canmvaaﬂb A=17 and .IE’:’..."'
%0 A= gME)=

-0.5207 |

£0{5)
Ts Tl)= 8+ 1T7e

We need 1o fod fhe time £ when
e temporahare of e bodky wns
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98.6= 6o +17e >
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f’”(‘—,.}‘) = £ME)
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(35)
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e murder occurved | hour and
8 munufes (apfrwd»«fejj) before
huducjkt This weuld be
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4.[20] (a) Solve y"~y=0. You may find the identity a' —5* = (a —b)(u] +ab+b’ ) useful.

3-: Q,f'b " ‘am‘_j:o le,aAs +o f3..‘ =0 . u-ﬁif\%'{{ﬁ& t&%’(’a{j with, a=v ah.a\ h__.i
\Q,ld.s (f-l)(.(z'ﬁ» Y&l):’..o ) 11\(, MN are Y=| a‘n’& v o= =1 ﬁil-—{- _ —_L?.tbf% ‘

‘ﬂwsawl’a] solu.{:len Df law-—dzo g

'?:. '.t/l«
b = cl et 4 C’-Q/ @5(_{%{’,) + Cae Sfﬂ@{)l

where ¢, G, and ¢ are arb'u{mj constants .

(b) Solve #*y"+3ty'+y =0 on the interval £ > 0.

lj:tm YT i ”-}- 3t5/+j =0 leads to mm-)+ 3m4+ | = o, Then
= - (M&lf[ta{j -hoo) . T‘\L 30"16"&-‘ Solu.&;on

2 p
0= m 4+ 2mx = (M+1) %0 m=

0? {,13,/{-3{3’.{—3‘:-0 on ‘b?O s

J = c"{':l 4 cj:'jn(b)

where ¢ and ¢ are a.rLi'h’a.rb Constants .
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5.[22] Consider the differential equation y"—2y'+y = =%
1+

(a) Classify the differential equation by giving its order, stating whether it is linear or nonlinear, homogeneous or
nonhomogeneous, and whether it has constant or variable coefficients.

Aon=
e DE is of order two, Wb s (i uea.f)’muwﬂm;.sj and has constant ceefficients .

(b) Find the general solution of the differential equation.
r S
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6.[15] (Please use 32 feet per second per second as the acceleration of gravity in this problem.) A spring hangs
vertically from a rigid support. A body weighing 16 pounds stretches the spring 4 inches when it is first attached.
The body is in a medium with a damping constant of 2 pound-seconds per foot. Suppose the body is displaced 3
inches above the equilibrium position and then released. If gravity is the only external force that acts on the body,
set up, BUT DO NOT SOLVE, an initial value problem describing the body's motion.

mw + {.’m_’-l- Ru = §¢) ma = wogk 2o m:_l%é, = ‘l';,,_" ¥ g
Lu’ v 2u'+ 48u=o0 = * ¥
—u +2u w= o o = 168 _ b
. , ) h,u,o— U&lb‘d‘/ o k ——u‘;& —_—5?—*? - 48 91'/%4
w(e) = "'-#_ y wel=o fy= 0 ( Since iy has already been accounted
L _— ‘f-r n 'H'Ivf- 1" :.n. SfV‘C‘EA‘I +D'H’Vb

%ﬂiliwm roﬂ'ﬁam . )
Here u=uk) vepesonks the verkical
A,E.f?la.wneuk o the lvol-j (in feek)
Leom ks e;v-ilibriuvm Tosih’.m 1 seconds
afber it was released .
Comfo(ukion Pmduo“‘.' 0F e."ftn.u& 3&&)
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7.[21] Use the Laplace transform to solve the integral equation y(r) +3J‘ e"“““r}y(r)dr =1

0 P.F.D.
-4t
Sﬁ{B@H Je ak:jtfo)g.(ﬂ = Bf,{i}cs) s+4 ;’ A, B
$(s+7) 3 S+7
Yis)-# 3 _Yis) = % st4 = A(s¢7) + Bs
$++ S=p 4 = 7A = A'-'—"Z,
YCS)[ l ';fj‘_ = :[g' s=-7: -3= -1B = B=7,
S47 I <oy = s g _Z‘f___}
Y(ﬂ[ —s—al = s S+
-1t
Phires wiE fjw): %4, _3'_;_3
)= s(5+7)

gH= x‘-l{ f(ﬁ')}



0 if t<2,
4 if 122,

Then compute the value of the solution, accurate to three decimal places, when /=1 and t=3.

8.[22] Solve the initial value problem y"+4y = f(t), »(0)=1, »'(0)=0, if f(¢) :{

'F(_-b) = —‘1‘&&&) so the DE becomes :]ff-%- +j = —4u£:b. T"E-"a the L‘f"“’e bandom
of beth sides of the DE 3ieJAs

GYLs) s/)é j/J-F 496 = __‘_3..
where Y(5) = i"{j}(ﬁ- Qwﬂuﬁ'ﬂa;

-25
(e = 5 - te.
s
-25
Yo = = - e .._i"—,_-— .
s*H4 s (s*r¢)

Talaina’ff\e wese La.flue. brangorm «3‘1&5

= -2.5. [
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Let A—_—(“(’ 1‘}. T 75=_Ee,>t in X=AR leads 4o AR = Aﬁor (A~ /\T)-E'-'-B
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9.[22] Find the general solution of the system x’ =[ J\ and describe the behavior of solutions as t — o .

Nontrivial sdukions B exist provided
=% #* . N
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10.[22] Given that x(() =¢ L ’ J +6 { B J is the general solution for the homogeneous system

e 3e™
' I '_2 ] —-2 2 ) 3
X = X, solve the nonhomogeneous initial value problem x'= X + e’, x(0)=|"|
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b o :—1t ?"b "b l _s{_ = X
xff_ {-t 3"‘6X{_ok = 2te {(I , T aam'al sudim of K = Ax-l-[] is
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Solves he itial value ?rvHe.m.



A SHORT TABLE OF LAPLACE TRANSFORMS

Q) L{f(0}=F(s)
1
I 1 —
s
|
2. e" et
s—a
3 0 i m=ls
al l
4. et (S~a)2
il o b
5. e"sin(bt) (s—a)2+b2
s—a
6. " cos(br) (s—a)2+b2
7. e"f(1) F(s—a)
8. f'(¢) sF(s)-£(0)
9. (1) s*F(s)-s/(0)-/"(0)
10. 5(1‘“0) e_‘“
1w, (1) ﬂ
s
12. u,(t)f(t-a) e “F(s)

1

(98]

. J'f(r)g(t -7)drt F(s)G(s)
0




Math 204 Final Exam "Master List" Scorecard. 2010 Fall Semester

200 49 1M1 98 11 47 )\
199 | 148 1 97 111 46 1)
198 1 147 1 96 1 45 |
197 | 146 1j11 95 I 44
196 | 145 By <8V 94 43 11\
195 1 144 11 93 (I 42 |
194 111 143 ML (15.2%) 92 | 414
193 142 nhr 91 | 40
192 11} 141 11 90 11 39
191 1] 140 M1 89 38 1))
190 | 3T K 7 1301 88 M| 37
189 | 138 1 87 | 36
188 (10.075) 137 86 1 35
187 1N 136 M1 85 11y 34
186 135 | 84 11 33
185 | 134 1 83 32
184 11 133 1 82 4l 31
183 1| 132 Wl 81 1 30
182 111 131 AT @ 7., . 801N 291
181 Wyl 130 14 R (% 28
180 M 129 , 78 | 271
179 1 128 | (15:7%0) 77 | 26
178 I 127 1} 76 1 251
177 126 LMt 75 | 24
176 JHT 125 111 74 W 23
175 111 124 W1 731 22
1741 123 11} 72 1IH 21
173 | R 122 WH 7Hl, _ 20
172 1t “bs v 12111 704 19
171 1 120 I 69 11 18
170 Wi (14.190) 119 | 68 1 17
169 | 118 Juf 671 16
168 11 17 66 1|1 151
167 | 116 1 65 I\ 14
166 11 115 | 64 1 13
165 (1 114 14} 63 1 12
164 111 113 } 62 1 11
163 1Ny 112 11 61 10
162 1] 111 1 60 11t 9
161 1ff 110 1) ! 59 8
160 JHT 109 gry (66 F s Y 55 7
159 11y 108 574 6
158 (1l 107 {1 (45‘.0'70\ 56 1\ 5
157 n 106 55 1 4
156 1\ 105 11 54 3
155 | 104 1y 5311 2
154 1111 1031 5211 1
153 111} 102 LH1 51 0
152 1hit 101 50 Number taking final:_ 369 v
151 I 100 M 49 | Median: _}2.5°
150 ) ' 99 it : 48 1| Mean: |22,68

Standard Deviation: 43.12.



