Mathematics 325 Exam I Name: JDr. Grew
Summer 2011

1.(34 pts.) Find the solution of

w,—u, =0 if O<x<m/2, 0<t<oo,
satisfying the boundary conditions

u (0,/)=0 and 11(73'/2.{)@0 if 120
(i.e. Neumann at the left end and [yrichlet at the right end)énd the initial conditions
u(x,0)=Cos’(x) and u (x,0)¥0 if 0<x<7/2.

Hint: You may find useful the identity %cos(39)+~j—cos(9) = cos’ (8).

Bonus (10 pts.): Show that there is at most one solution to the above problem.
We use Serxﬁsn & varibes. We seek noanbrivial seludions 4o @ -@-@ -@ of the form
(#) wict) = K(<)TW). Sbstibuking fom @) inbo 0 yields  X(ITE) - KT) =0, or

gciuwa.lenﬂv T®W _ B _ consbant = - . f)quS'{’Muj from @ wto (@) aad ds
T®) T )

X/@)T(%) =0 forall Yzo0. Tn odev for the soludion G fo be wontrivial we ne«.{ Z[i}:c
5uhsmu.+en3 Srom () info (3 B;,,l,\s EET®) =0 for all £20  whee X(%]=0
fm’ Hwﬁ,ﬁviaj ﬂ&lms () . Sul’S,Cr‘:wl'Mb $rom @) tnto @ ai\feas X(?‘)TEE’): o for al
04 xsTy, . Tt follows ot Tlor=0 1§ the sdubion GF) is t be wanbrivial, We

Collect these constraints n the foum..lg coupled system & O0PEs wd BCs:

" , @ 8
f(ﬁ){*)szcn) :@07 X(D)';O/ X(I'D -.—_.oj

T¢) + /\T@)@ o, T’(v)o.

We next sdve the e,iaewalu,e FfoHem @—@—@ We assume that he e,;a.gh\j..[m X
are veal. “This leads 4o fhvee cases: ,\70/ )\:O/ o A<é.

Case )\?0) se A=k" where k>o-

fhen © beeomes X0 +R'Ee) =0, which has genert] sehddion K(xy= ¢ cosbn) ¢
csmRx), Note that X'e= -‘kCISD'l(hX-)'F ke cos(rxy 50 0= X (0)= ~kesinG )+R ¢ coso)
a:,\ it follows that ¢ =0, Then 0o P xlm) - coos(RTY) ank hewe k=135 ..

Fov nomtrivial solutims . mis/ the %fa&wfdw:s and, el'yhfmd:ims i Fhis case ave

e ,\nz :'-: (2u-| )L and X“(?‘) = Cﬁs(k,"‘) = GOSQLZH—I)x) (n=|,:?;/__)




3

34 ds.

s heve |

Caée >\ =0 ; 'ﬂwn O Lecgmg,g -x_cx) Q wln.Jq Iru; 6@;159/4.1 59’:«.{’3’1 X(’“)... C)\+C

Noke Hhat x(")’"c 5o 0-— KLO) =, Then DQX("/;)-— e ’ﬂw‘:csJ all sdufioms
& ©9- @ are trivial when X.-o, so  2ere is net an uacw-.lu.e

Case A<o

Tl A= -k where R>0: Then ® leecomes X”’ec)—-hzg(;c):o/uswch

has caone,m‘ solwtion X(x)= ccosln(‘!-xh csfnfq(k.n) 0 bserve ot T(x)= h(_ﬂ\ql‘](hx){_
Re cosk(hﬂ $o OQ X ) = kcm.ln(ow kccnfl-.(_ay ank it Follows that c _=o.
®‘Z(’%_) = ceosh (RT/2) 5o e=0.
when \<o

Then

Stnee all solutions 4o O-@-—@ ave trivial
Hhere are no Mﬁ«vhvo ctaen valwes .

We wnext seek sdukions o @ o) for the eigemvalues A=A = (?.u-,)?' (n=123,...).
Then @ becomes T, )+ @n-T )= 0, which has T = ¢ cos(en-iys) ¢ gsinenit
as the 3e,nml sdikion. Sthee T, &) = — Gr) e sn(@n-0k) + (@n-D¢ c.s(@,,,_,)t) 6 Flluos
that © = T ‘©) = ~n- -)esm(e) + Grr)geos (@) and fhus ¢ =0, Thet is, )= cosn-t
«p to a constant fuctor. ThexeSove the nontrivial solubions 4o @ -@ - @—@ of the
form (¥) are w Gy%) = T (x)T, ) = cos((zn-1)x)cos(@n-0%)
JN?O(?oéi\{:Em ?rinciFlo Emric:s et
() Wr) = Ya ¢ eofan-x)eod @r-ot)

n=)

(h=l,2:’3)_“ ) . The.

50'\1&5 @-@—@ -.@ fw a.v:qj ?osfb;ue. En{eae\r N M‘l “'U choice a;

consk ants cl)c: )CN
We wank to chose N and the ¢ 50 that © ts sakisfied. That s,
Cusehd hentity)

N 4 3 @ N
1&05(74)4— ‘fus@x) = Cs (%)= w(xo) = ), cnus((za-l)x)

l\:i

,M ¢ = # Thus

for all o< x< 4

Bj ?n5f¢z§;1w,‘\1¢- may take N = 2, c":%

wlt) = %cos (®)cos(ty + #&s(?x)m(;b;]

sdves (D-® 3 -@-6).



/bon.u..S__: SH»WOS& that V'-:U(_)tl,-b) is another solubion 4o O-@-G -@-—@‘ Then
W(xt) = %cos(#)mﬂc; + Leog(3x)eos(36) — V(xt) solves ;

G =+

— =2 <
Wit Wyx o o X<.T§/,_/o<t<od}

2, € w(Vst) t2o,
W(x0)= © @ b("‘,") oot x<Ty,

Consider J{f\-cm:?f; funckion o w. E@)= ij-}_w;(ﬁé) + Jiw: 9lA for 3o,

Then %\EE_ _ 50 _a?_t [ -_L-w;: (=t)+ :iw:(x,b)]kx = J:;Ew_b(:ge)wﬁx,é).; Wy @«Hﬁ)wﬁ@,t%

v, - T

= 50 utw&olx & w%(-c.,t)wt(x,i)}o._ jo Wb@‘:t)wxx("f'{")‘l*- Bu{T:V (® imglies wt@’,,t').-_-c

o © fum s ol o] =o o G5 oI e en e
s &y

@.Misl‘}f«.udma}wisa.caw‘mtfuubmof't;o.Buk
T i
EC) = j [-f;.w:(x,o)é- Jiwx (x,,o)}&x = O La @an&(@ so E®=o f,f all ‘blo,

@
©

The v'mislﬁnﬁ Hrosvem then inglics 1w (ere) + -,{-_W:(?‘.«*) =0 jJor all osxsmy

and tzo. Hence W.b("fb) =0 = W 0k) 5o WaW(ekE) is a constant fiuckion
on o£x £, ok b <ot Bk (i4) then shows fht Wk)=0 for all oxx<my
ad tzo. Tt s the sdbion o ©-® -B)-O-G i wquug

Vi) = %Casbt)as(t) + #w(a,éas@b) .



(33 pts.) Solve u, —u,, =0 in the upper half-plane —o < x <o, 0 < < oo, subject to the initial

condition u(x.0)=¢™ if 0 <x <00,

A sdution to uJo-—kum:o n the uppey ‘MW-?LME 5‘4;5%1“3 u (< 0)= ‘j’@"‘)
ig- —eix < 1§ %“wcv\ LJ

| 4kt A
ulxt ) = g (YIAy .
2

Tn our s R=| and cyb‘-)z ¢ so 4 . =
s [@""‘:ﬂ + 4t ]
o0 oy ) T -
[ o %% e g — 4% e
ulr) = ﬁIS y = Y
We need $o wa(oJ:e the Ctbuﬂe- n Y n the ex?anzni' of the 'Dt‘:tard-wl:

(x -lj);-l' ‘H,\JL = L-' ij + (14 f'ﬂfjt

- & “7‘*_3\ - o)) () - ()

=

-
= K= (JH' 'j =
1+44: '*‘H"
- 4tx JIr4E y — —=—
= + ) -
yon ( 3 I %)
ThereSore & = - (“Htﬂ_%ﬁ_?ﬁl
T4t 1t
i) A= e T e %
Tt S
let o= {+4ty - ma Pon dp= U4 4 d as y=>tew o> *e <o
I I~ &= =
. %1 o - - X
wpit) = == eMtS e'Péd_lL - _ﬁ’»__lff.J_Sef?Af | e’
" Yo NIHEE iy V! It
| e
3o Reve




3.(33 pts.) Use the method of Fourier transforms to solve u, +u_ =0 in the upper half-plane
-0 < x <, (<t <o, subject to the initial condition

5 if 0<x<2,

u(x,O)@ .
0 otherwise,

and the decay condition limu(x,7)=0 for each x in (—o0,%0). Note: For full credit, do not leave any

{—=m

unevaluated integrals in your final answer.

Leb w=uie) be a sdukion 4o the anuem.. Then Wy ) + " *(x,-f:)-.:.o for all
~b<x<o 0Lt <o 50 ’(wk.ina Yo Jowrier transform o both sides of this 'tlmjd%
U{o\a‘\s

ZH(wYor - iF0) = F (e ¥ )0 = F()6) = o

(

O
or unu;«lm{la | )
25()6) - s3wG) =0 -

’]h.ramcal sdukion o fhis lfﬂw) secomd ~ovdev ; kon\oamm-s onliva diffevential ¢1M£im

m b (wik Tﬂmr 4 \ is
it -3t
@Gl = cBle + cBle

e § 0. Ton apflng O yeds
3t -3t 3t
0= F( him wix®)3) = lim F(W)5) = fim ( cE®E + Bl )= fom
( A ) )() k>0 ( ) {:.-"oo( : - ) Eﬁmcﬁ)e'

50 we mgt have Cl(s) =0 e ;-;o, Avau;na, Sfmlld-\(l in the case wlwn '5(0/
@ aivq,
, st -3t . -3t
o= 3-(,9.;.‘ u(u,b)>(;)= )2;.-.\5'@»)(3):% (c‘(s)e, + c3)e ): Jim c(3)e ,
L) £«

L¥e0 2w

So we must have c@F)=0 fer E<o. Thus

_;{—, ) !
e’ if 10, (3
‘e rls & (‘»{) Lj) = ;b — AG)@ N

.. c[[ﬂe, 1-8: %<0,



' : | 0<x<2
ey the nhakion 5 ) = { ,

o olennise ,

WeMelg@M

5 5"(*'(01,,.,)(1)= J*Lu)(s)l = A(s)e'“’

t=o

= A®),

t=0

-5t
'ﬂu’éfa(& j.I(K)G):Sj'(k(p ‘]X!)e ’ ) BJ ewl;g C m the Lne‘f'{'aueog Fouriex
tronsoams with a=t we hae

-|3it
3’ (E C');t*- 4}) (;) -~ 8
Fes) =53 (w0 (% T3 M)’)
e conveldion ?rorexbj 3‘ -F*«a)@)-:. iT j(—fhﬁ'%)(y) Thew implies
Feo) = SF( 2. o )0

31( ™ (”)* (?H‘)()

The Foarier invesion thesrem then pmg(t'e_s that for —w ex <o o<t<os,

So

= Al (x
e} = e om” o)

< 2] T el
-
Z | A'
= &1 y/*

o (2)r!

b 1
=-£ Amun 1
o

o
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A Brief Table of Fourier Transforms

/()

{1 if —b<x<b,

0 otherwise.

1 ife«ex<d,
0 otherwise.

1

— (a>0

X +a ( )
X if 0<x<b,
2b—x if b<x<2b,
0 otherwise.

e ™ if x>0,
0

otherwise.
if b<x<e,

{O otherwise.

™

e if -b<x<b,

0 otherwise.

(]

if e<x<d.

|
.

0 otherwise.

& (a>0)
siniax) (a0)

7 o~

2 a

=2

=142e% ¢

ENar

1

({J-i-ff)m

e[u—h} e _ e(ﬂ-—!; ]

(a—ig’)m

\E sin(f;(f—a))

ic(a-&) 1 a=£)

e —-e

i(&-a)\2r

1 o-Eda)
J2a
0 if ‘E‘Z a.

\g if |£]<a.



Math 325
Exam T0

Summey 201
Y[u.MLJ-cY hjdna exam @ 24

mean °  12L.2

standaxd deviation: 23.1

Distrilaction of Seeves:

Range Graduake Letter Undevgmducte
s, S Grade Letter Grade
87—loo A A
73 -84 B B
6o ~72. (i B
50 -59 | e C
O -49 = D



