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1.(33 pts.) (a) Show that the Fourier sine series ) b, sin(nzx) of f(x)=4x(1-x) on [0,1] is

n=1

32 & sin((2k=1)7x
4x(1-x) ~ —212 { )‘ ) :
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2/ (b) On the same coordinate axes, sketch the graph of f and the third Fourier sine partial sum

= Z b, sin(nzx) .

n=l

.) (c) Show that the Fourier sine series of f converges uniformly to / on the interval [D,I].

) (d) Discuss the pointwise convergence and L’ —convergence of the Fourier sine series of /. Give
reasons for your answers.
! (¢) Use the results of the previous parts of this problem to find the sums of the series
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2.(34 pts.) Find a solution of u, —*u_ —u =0 in the open strip 0 < x <1, 0 <¢ S @psuch that u is

continuous on the closure of the strip, satisfies the boundary conditions u (U,I) x Ui)u (i.t‘) fort>0,

and satisfies the initial condition u(x,0) 2 4x(1-x) for 0<x<1. (Note: You may find useful the
results of problem 1.)
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3.(33 pts.)*(a) Find a solution of u +u_ +u_=x’+y’+z* inthe open spherical shell
l<yxt+y*+28 <2 such that u is continuous on the closure of the shell and satisfies the boundary

2
conditions u(x,y,z)="— lf\h +y'+z' =1 and u (x3,2)= S if \Jx?+y 428 =2,

(b) Is the solution to the problun in part (a) unique? Justify your answer.
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Convergence Theorems

Consider the eigenvalue problem

(1) X"(x)+AX(x)=0 in a <x<b with any symmetric boundary conditions

and let @ = {X,,XJ,X},...} be the complete orthogonal set of eigenfunctions for (1). Let f be any

absolutely integrable function defined on a < x <5 . Consider the Fourier series for f with respect to
O:

where

" Theorem 2. (Uniform Convergence) If
(i) f(x).f"(x), and f"(x) exist and are continuous for a <x <5 and

(ii) f satisfies the given symmetric boundary conditions,

then the Fourier series of f converges uniformly to f/ on [a.b].

Theorem 3. (L' —Convergence) If
h
Ilf(x)i dx <

then the Fourier series of f convergesto f in the mean-square sense in (a,b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)
(1) If f is a continuous functionon a<x<h and /'is piecewise continuous on a < x < b, then the

classical Fourier series (full, sine, or cosine) at x converges pointwise to f(x) in the open interval

a<x<b.
(i) If / is a piecewise continuous functionon a<x<h and f'is piecewise continuous on

a < x < b, then the classical Fourier series (full, sine, or cosine) converges pointwise at every point
xin (—oo,oo) . The sum of the Fourier series is

$ 4x,(x) = LB/ X)

n=1

for all x in the open interval (a.b).

Theorem 4. If f isa function of period 2/ on the real line for which f and /' are piecewise

Sl )+ s(x)
2

continuous, then the classical full Fourier series converges to

for every real x.



Trigonometric Identities

cos’ (A) = %+%cos(2A)

sin’ (4) =%——;-cos(2,4)

sin(4)sin(B)= licos(/l - B)—%COS(A + B)

sin(A)cos(B) =%sin(zl —B)+%Sin(A + B)

cos(A)cos(B) :%COS(A - B)+I§cos(.4 + B)

cos'(4) = %cos(A)+%c0s(3A)

sin’ (4) = %sin(A)—-};sin(BA)

Expressions for the Laplacian Operator

Viu= —l-va—[ra—uj+éa;li (polar coordinates)
ror\ or) r° 06
- 2 ql
Viu= L i(r %} ]—7 a—lf + ('—!: (cylindrical coordinates)
ror\ or) r° 060" oz
Viu= -]—,E(.‘ @]-ﬂ-—,—l——a- sin(gf))-a—Ii + = 1, 9 !: (spherical coordinates)
r*or( or) risin(p)dp op) r’sin’(p) 00

Expression for the Gradient Operator
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