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Abstract
We study the rotational dynamics of magnetic prolate elliptical particles in a simple shear flow subjected to a uniform 
magnetic field, using direct numerical simulations based on the finite element method. Focusing on paramagnetic and fer-
romagnetic particles, we investigate the effects of the magnetic field strength and direction on their rotational dynamics. In 
the weak field regime (below a critical field strength), the particles are able to perform complete rotations, and the symmetry 
property of particle rotational speed is influenced by the direction and strength of the magnetic field. In the strong field 
regime (above a critical strength), the particles are pinned at steady angles. The steady angle depends on both the direction 
and strength of the magnetic field. Our results show that paramagnetic and ferromagnetic particles exhibit markedly different 
rotational dynamics in a uniform magnetic field. The numerical findings are in good agreement with theoretical prediction. 
Our numerical investigation further reveals drastically different lateral migration behaviors of paramagnetic and ferromag-
netic particles in a wall-bounded simple shear flow under a uniform magnetic field. These two kinds of particles can thus be 
separated by combining a shear flow and a uniform magnetic field. We also study the lateral migration of paramagnetic and 
ferromagnetic particles in a pressure-driven flow (a more practical flow configuration in microfluidics), and observe similar 
lateral migration behaviors. These findings demonstrate a simple but useful way to manipulate non-spherical microparticles 
in microfluidic devices.

Keywords Microfluidics · Particle separation · Magnetic particles · Rotational dynamics · Lateral migration

1 Introduction

Magnetic particles have been used in a vast number of appli-
cations including biomedicine (Pankhurst et al. 2003), bio-
logical analysis, and chemical catalysis (Gijs et al. 2009; 
Pamme 2012). The separation of magnetic microparticles 
and nanoparticles in microscale fluid environments is one 
of the most important processes in the systems and plat-
forms based on microfluidic technology  (Pamme 2006, 
2012). A magnetic field is a powerful tool to separate mag-
netic particles or magnetically labelled cells, antigens, and 

enzymes   (Gijs 2004; Pamme 2006; Suwa and Watarai 
2011). Most magnetic separation methods are based on mag-
netophoresis, which manipulates magnetic particles in a vis-
cous fluid using magnetic forces. To generate the magnetic 
force, it requires both magnetic particles and a spatially non-
uniform field (magnetic field gradient) (Pamme 2006). There 
are two different types of magnetophoresis: one is called 
negative magnetophoresis— manipulating diamagnetic par-
ticles in a magnetic fluid such as ferrofluids (Winkleman 
et al. 2007; Bucak et al. 2011; Zhou et al. 2016; Zhou and 
Xuan 2016); the other one is called positive magnetophore-
sis—separating paramagnetic or ferromagnetic particles in 
a non-magnetic fluid such as water (Zborowski et al. 1999; 
Chen et al. 2015).

In contrast to conventional magnetophoresis, sev-
eral recent experimental, numerical, and theoretical 
studies Zhou et al. (2017a, b), Matsunaga et al. (2017a, 
b), Cao et al. (2018) and Zhang and Wang (2018) have 
demonstrated a different way to manipulate magnetic 
non-spherical particles by a uniform magnetic field in 
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the microchannel. The uniform magnetic field does not 
generate a magnetic force, but instead generates non-zero 
magnetic torques due to the non-spherical particle shape. 
When coupled with particle–wall hydrodynamic interac-
tion (Gavze and Shapiro 1997; Leal 1980), the uniform 
magnetic field alters the rotational dynamics of non-
spherical particles, and consequently controls the lateral 
migration of particles. Experiments performed by  Zhou 
et al. (2017a, b) have demonstrated that a weak uniform 
magnetic field can separate paramagnetic particles in a 
microchannel pressure-driven flow. The magnetic torque 
broke the symmetry of the particle rotation. Due to the 
particle–wall hydrodynamic interaction, the particles 
migrated laterally towards or away from the wall depend-
ing on the direction of magnetic field. Using the finite 
element method (FEM), Cao et al. (2018) and Zhang and 
Wang (2018) investigated the effect of several parameters, 
such as the strength and direction of the magnetic field, 
particle aspect ratio, and flow rate, on the lateral migration 
of the paramagnetic particles in microchannels. In another 
study, Matsunaga et al. (2017a, b) proposed a far-field the-
ory and used the boundary element method to demonstrate 
that a strong uniform magnetic field can separate the ferro-
magnetic particles in both simple shear flow near the wall 
and Poiseuille flow between two walls. In this method, 
ferromagnetic particles are pinned at steady angles and the 
lateral migration results from particle–wall hydrodynamic 
interactions as well.

Previous investigations have either studied the lateral 
migration of paramagnetic particles under a weak mag-
netic field (Zhou et al. 2017a, b; Cao et al. 2018; Zhang 
and Wang 2018) or ferromagnetic particles under a strong 
magnetic field (Matsunaga et al. 2017a, b). A comprehen-
sive understanding on the difference of the lateral migration 
mechanism between the paramagnetic and ferromagnetic 
particles under both the weak and strong magnetic fields 
is absent. In our previous theoretical work Sobecki et al. 
(2018), we theoretically analyzed the difference of particle 
rotational dynamics between the paramagnetic and ferro-
magnetic particles in a simple shear flow under a magnetic 
field. However, due to the inherent complexity of particle 
dynamics in bounded flows, systematic theoretical analysis 
is difficult. In this work, we systematically investigate the 
rotational dynamics of both paramagnetic and ferromagnetic 
elliptical particles under a uniform magnetic field in simple 
shear and bounded flows using direct numerical simula-
tions. Our results suggest that the difference in magnetic 
properties leads to markedly different rotational dynamics 
as well as lateral migration. Based on these insights, we 
demonstrate feasible ways to separate these two kinds of 
magnetic particles in a pressure-driven flow configuration, 
which are commonly used in practical applications such as 
microfluidic devices.

This paper is organized as follows. Section 2 presents 
the numerical method including mathematical modeling, 
material parameters used in the simulation, and validation 
of the numerical method. Section 3 presents a brief theo-
retical analysis for comparing the numerical and theoretical 
results in following sections. Sections 4 and 5 numerically 
investigate the rotational dynamics of paramagnetic and 
ferromagnetic particles in a simple shear flow under weak 
and strong magnetic fields, and compare the numerical and 
theoretical results. Based on the discussion in Sects. 4 and 
5, 6 studies the lateral migration of paramagnetic and fer-
romagnetic particles in a simple shear flow near the wall. 
Finally, in Sect. 7, the simulation for the lateral migration of 
paramagnetic and ferromagnetic particles in a microchannel 
pressure-driven flow under both a weak and strong mag-
netic fields is preformed to demonstrate particle separation 
in more practical flows.

2  Numerical method

2.1  Mathematical model

We consider a rigid prolate elliptical particle suspended 
in a simple shear flow as shown in Fig. 1. The computa-
tional domain, Ω , is bounded by the boundary, ABCD, and 
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Fig. 1  Schematic of the numerical model of an elliptical particle sus-
pended in a simple shear flow under a uniform magnetic field �

0
 . The 

fluid domain and particle surface are Ω and �  , respectively. The ori-
entation angle of the particle is denoted by �
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particle surface, �  . The width and length of the computa-
tional domain are W and L, respectively. The center of the 
particle is set to be the center of the computational domain. 
The particle aspect ratio is rp = a∕b , where a and b are the 
major and minor semi-axis lengths of particles, respectively. 
The orientation angle of the particle, � , is the angle between 
the major axis of the particle and the positive y axis. The 
background flow is a simple shear flow, where the velocity 
�∞ = �̇�y�x is imposed, with �̇� being the shear rate. A uni-
form magnetic field, H0 , is applied at an arbitrary direction, 
denoted by �.

The fluid is assumed to be incompressible, Newtonian, 
and non-magnetic. The transient flow field is governed by 
the continuity equation and Navier–Stokes equation:

where � is the velocity vector, �f  and �f  are the density and 
dynamic viscosity of the fluid, respectively, p is the pressure, 
and t is the time.

To impose simple shear, the velocities at the top (AB) and 
bottom (CD) walls are set to be ± 1

2
�̇�W�x respectively. The 

boundaries AC and BD are set to periodic flow conditions. 
With the no-slip condition applied on the particle surface, 
the fluid velocities on the particle surface �  are expressed as

where �p and �p are the translational and rotational veloci-
ties of particle, respectively, �s and �p are the position vec-
tors of the surface and the center of the particle. The hydro-
dynamic force and torque acting on the particle are

where �h = �f
(

∇� + (∇�)T
)

 is the hydrodynamic stress ten-
sor on the particle surface � .

The magnetic field is governed by the static Maxwell 
equations:

where H and B are the magnetic field and the magnetic flux 
density, respectively. To impose a uniform magnetic field, a 
magnetic scalar potential difference is set across boundaries 
AB and CD, with a zero magnetic potential Vm = 0 on AB 

(1)∇ ⋅ � = 0,

(2)
�f

[

��

�t
+ (� ⋅ ∇)�

]

= − ∇p + ∇ ⋅ �f (∇�

+ (∇�)T
)

,

(3)� = �p + �p × (�s − �p),

(4)�h = ∫ (�h ⋅ �)d� ,

(5)�h = ∫ (�h × (�s − �p) ⋅ �)d� ,

(6)∇ ×� = 0,

(7)∇ ⋅ � = 0,

and a magnetic potential Vm = Vm0 on CD. Magnetic insula-
tion condition is applied on boundaries AC and BD.

Assuming that the particle is homogeneous and isotropic 
in magnetic properties, the magnetic force acting on the 
particle, due to a uniform magnetic field, is zero (Stratton 
2007). The magnetic torque acting on a magnetic particle is 
expressed as  (Stratton 2007)

where � is the magnetic moment of the particle, and �0 is 
the magnetic permeability of the vacuum.

For two-dimensional elliptical particles, the rotational 
motion is in the x–y plane, thus �p = �p�z , �h = Lh�z , and 
�m = Lm�z . The translation and rotation of particles are gov-
erned by Newton’s second law and Euler’s equation:

where mp and Ip are the mass and the moment of inertia of 
the particle, respectively.

The position of the particle center �p(t) = (xp, yp) and the 
orientation � of the particle are expressed as

where �p(0) and �(0) are the initial position and orientation 
of the particle.

The dynamic motions of the particle, the flow field, and 
the magnetic field are coupled via Eqs. (3–5) and (8–10). 
We use direct numerical simulation (DNS) based on FEM 
and arbitrary Lagrangian–Eulerian(ALE) method to simul-
taneously calculate the flow field and particle motion. Simi-
lar methodologies have been successfully used by Hu et al. 
(2001), Ai et al. (2009a, b, 2014) and Ai and Qian (2010). 
The numerical model is implemented and solved with a 
commercial FEM solver (COMSOL Multiphysics). First, we 
use a stationary solver to calculate the magnetic field inside 
and outside of the particle and compute the magnetic torque 
acting on the particle. Then, the two-way coupling of fluid-
particle interaction model is solved using a time-dependent 
solver and by importing the previously determined mag-
netic torque. The deformation of the computational domain 
is solved with the moving mesh interface based on the ALE 
algorithm. The meshes of fluid domain are free to deform, 
while the particle domain is determined by its trajectory 
and orientation. As the mesh deforms, the mesh quality is 

(8)�m = �0(� ×�0),

(9)mp

d�p

dt
=�h,

(10)Ip

d�p

dt
=Lh + Lm,

(11)�p(t) = �p(0) + ∫
t

0

�p(t
�)dt�,

(12)�(t) =�(0) + ∫
t

0

�p(t
�)dt�,
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decreased. When the quality value is decreased to 0.2, the 
re-meshing process initiates. Similar modeling strategy has 
been successfully carried out in our previous work (Zhang 
and Wang 2018) and other work, e.g., Cao et al. (2018). 
Quadratic triangular elements are employed in this simula-
tion. A fine mesh around the particle and a finer mesh around 
the tip of the particle are created to accurately calculate the 
hydrodynamic force and torque acting on the particle. The 
total number of elements was about 7000 in the fluid domain 
Ω , and about 130 elements were used to discretize the par-
ticle surface � .

2.2  Material properties

In this numerical study, water is used as the nonmagnetic 
fluid ( �f = 0 ), which has a density �f = 1000 kg/m3 and a 
dynamic viscosity �f = 1 × 10−3 Pa s . The shear rate of the 
flow is kept constant, such that �̇� = 200  s−1. The particle 
is assumed to be polystyrene particles containing mag-
netic nanoparticles, similar to those used in earlier experi-
ments (Zhou et al. 2017a, b), which could be either paramag-
netic or ferromagnetic particles. The density of the particle 
is �p = 1100 kg/m3. Here, the particle motion is in the x–y 
plane and the inertia effect is negligible, thus the density dif-
ference between the particle and fluid has negligible effect 
on the particle dynamics. The equivalent diameter of the 
particle used in this simulation is d = 7� m and the parti-
cle aspect ratio rp = 4 , thus the major and minor semi-axis 
lengths of particles are a = 7� m and b = 1.75� m. We con-
sider two kinds of magnetic particles: paramagnetic particles 
with �p = 0.26 and ferromagnetic particle with permanent 
magnetization M0 = 2000 A/m.

2.3  Validation of numerical method

In this section, we present validation of the numerical 
method by comparing the results with Jeffery’s theory, 
which describes the periodic rotation of an axisymmetric 
ellipsoidal particle in a simple shear unbounded flow (Jeffery 
1922). Without a magnetic field, the ferromagnetic and para-
magnetic particles behave the same way. Here, the width and 
length of the computational domain are W = L = 150 � m, 
which will also be used in the simulations in Sects. 4 and 
5. The confinement effects of the walls are negligible due 
to the large computational domain relative to the particle 
size. The period of the particle rotation, TJ , is defined as the 
time taken by the particle to rotate from � = 0 to � = 360◦ , 
and TJ = 2𝜋∕�̇�(rp + 1∕rp) (Jeffery 1922). Due to the fore–aft 
symmetry of the particle, we define TJ

0
 as the time taken for 

rotation from 0 to 180◦ , i.e., TJ
0
= TJ∕2 . Note that for ease of 

visualizing results, we use both ‘degree’ and ‘radian’ as units 
for angles in the remaining sections of this paper.

Figure 2 compares the time evolution of particle orienta-
tion angle predicted by Jeffery’s theory and our simulation 
for a particle with rp = 4 in a simple shear flow ( �̇� = 200 
s −1 ). The theoretical value of TJ

0
 from Jeffery’s theory is 

0.0668 s, while the period obtained in our FEM simulation 
is 0.0670 s. The relative error is 0.3%, suggesting that the 
simulation has excellent agreement with the theory. There-
fore, this simulation method has been validated to be suf-
ficiently accurate to study the dynamics of the particle in a 
simple shear flow.

2.4  Grid independence analysis

We perform grid independence analysis to determine the 
appropriate meshes for cost-effective numerical simulations 
without comprising accuracy. The results for four different 
meshes in a simple shear flow in the absence of the magnetic 
field are shown in Table 1 and Fig. 3. As can be seen, the con-
vergence of numerical results is considered sufficient when the 
domain element number is larger than 6,952 and the boundary 
element number on the particle surface is larger than 124. In 
this work, we use about 7500 elements in the computational 

Fig. 2  Comparison between the FEM simulation and Jeffery’s theory 
for particle aspect ratio rp = 4 and the shear rate �̇� = 200  s−1

Table 1  Four meshes for grid independence analysis

Domain elements Boundary elements 
on particle surface

Mesh 1 3734 48
Mesh 2 4812 76
Mesh 3 6952 124
Mesh 4 7548 148
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domain Ω in Fig. 1, and about 150 elements on the particle 
surface �  , which give reasonably accurate results.

3  Theoretical analysis

In this section, we briefly present the theoretical analysis per-
taining to the rotational dynamics of paramagnetic and fer-
romagnetic particles. We also define relevant dimensionless 
parameters as well as physical quantities to characterize the 
rotational behaviors.

Assuming a small particle Reynolds number, (i.e., 
Re p = 𝜌pd

2�̇�∕𝜂f ≪ 1 , justified by typical microfluidic experi-
mental conditions), the particle inertia is negligible and the 
particle motion is quasi-steady, similar to the previous stud-
ies (Allan and Mason 1962; Chaffey and Mason 1964; Oka-
gawa et al. 1974). Equation (10) is then reduced to

Under the assumption of Stokes flow, the hydrodynamic 
torque in the xy plane acting on an ellipsoidal particle in 
a simple shear flow with a shear rate �̇� is  (Jeffery 1922; 
Okagawa et al. 1974)

where �p = d�∕dt  is the particle rotational speed, 
Dxx = 1 − A and Dyy = A∕2 are the ellipsoidal demagnetiz-
ing factors, and A =

r2
p

r2
p
−1

−
rp cos

−1(rp)

(r2
p
−1)3∕2

 for a prolate ellip-

soid  (Okagawa et al. 1974). When the magnetic field is 
absent, we obtain the rotational speed due to the hydrody-
namic torque only:

(13)Lh + Lm = 0.

(14)Lh =
8𝜋𝜂f a

3(r2
p
+ 1)

3r2
p
(Dxx + Dyy)

(

r2
p
− 1

r2
p
+ 1

cos(2𝜙)

2
�̇� +

�̇�

2
− 𝜔p

)

,

(15)𝜔h =
r2
p
cos(𝜙)2 + sin2(𝜙)

r2
p
+ 1

�̇� ,

which is the Jeffery equation.
When subjected to an external magnetic field, a magnetic 

moment is induced in a paramagnetic particle, thus resulting 
in a magnetic torque. According to previous works  (Shine 
and Armstrong 1987; Zhou et al. 2017a, b), the torque expe-
rienced by the paramagnetic particle is

where Vp is the volume of the particle. Substituting Eqs. (14) 
and (16) into Eq. (13), the total particle rotational speed is 
obtained:

where

The dimensionless parameter Sp measures the relative 
strength between the magnetic and hydrodynamic effects 
on a paramagnetic particle (Zhou et al. 2017a, b).

For a ferromagnetic particle, it is assumed that the mag-
netization of the particle, �

�
 (its magnitude denoted by M0 ) 

is parallel to the particle’s major axis. The magnetic moment 
of the particle � = Vp��

= VpM0(sin(�), cos(�), 0) . Thus, 
Eq. (8) can be written as �mf = �0Vp(�0 ×�0) = Lmf �z , 
with the magnitude of the torque (Shine and Armstrong 
1987)

We obtain the total rotational speed of a ferromagnetic par-
ticle in a simple shear flow (Sobecki et al. 2018):

where

is a dimensionless parameter that measures the relative 
strength between the magnetic and hydrodynamic effects 
on a ferromagnetic particle.

As can be seen in Eqs. (17) and (20), the particle rota-
tional behaviour depends on the direction of magnetic field 
� and the parameters Sp or Sf  . When Sp or Sf  is increased to 
a large enough value, the particle rotation is impeded. In 

(16)Lmp = −Vp

�0�
2
p
H2

0
(Dyy − Dxx) sin(2(� − �))

2(�pDxx + 1)(�pDyy + 1)
,

(17)𝜔p =
d𝜙

dt
=

r2
p
cos(𝜙)2 + sin2(𝜙) − Sp sin(2(𝜙 − 𝛼))

r2
p
+ 1

�̇� ,

(18)Sp =
𝜇0𝜒

2
p
H2

0
(r2

p
Dxx + Dyy)(Dyy − Dxx)

4�̇�𝜂f (1 + 𝜒pDxx)(1 + 𝜒pDyy)
.

(19)Lmf = −�0VpM0H0 sin(� − �).

(20)𝜔p =
d𝜙

dt
=

r2
p
cos(𝜙)2 + sin2(𝜙) − Sf sin(𝜙 − 𝛼)

r2
p
+ 1

�̇� ,

(21)Sf =
𝜇0M0H0(r

2
p
Dxx + Dyy)

2𝜂f �̇�

Fig. 3  Grid independence analysis: particle orientation � as a func-
tion of time t for particle aspect ratio rp = 4 and the shear rate �̇� = 200 
 s−1
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our previous work (Zhou et al. 2017b), we defined Scr as 
the critical value of S for the existence of real solutions to 
�p = 0 . When S ≥ Scr , the particle is impeded at a certain 
steady angle �s , and we define this field as the strong mag-
netic field. When S < Scr , the particle is able to perform 
full rotations, so we define this field as the weak magnetic 
field. For simplicity of notation, in the following sections, 
we use S to represent either Sp for paramagnetic particles 
or Sf  for ferromagnetic particles.

The critical relative strength, Scr , can be calculated 
from Eq. (17) for paramagnetic particles and Eq. (20) for 
ferromagnetic particles. The values of Scr for rp = 4 are 
shown in Table 2 for various magnetic field directions 
(α) (Sobecki et al. 2018).

In the weak field regime, to better compare the differ-
ence between paramagnetic and ferromagnetic particles, 
we define the period of rotation as the time taken by the 
particle to rotate from 0 to 2 � (or 360◦ ) as T = T1 + T2 
with

In our previous work (Zhou et al. 2017b), due to �(180◦ ) 
period of the paramagnetic particle, we defined a ratio 
parameter

to characterize the symmetry property of the paramagnetic 
particle rotation. However, the ferromagnetic particle rotates 
periodically with a period of 2� (or 360◦ ), thus we define an 
additional ratio parameter

We use the average of �1 and �2 as � to characterize the over-
all symmetry property of the particle rotation, that is,

As can be seen, for the paramagnetic particle, �1 = �2 = �.

(22)T = ∫
2�

0

d�

�p

, T1 = ∫
�

0

d�

�p

, T2 = ∫
2�

�

d�

�p

.

(23)�1 = ∫
�∕2

0

d�

�p

/

∫
�

0

d�

�p

(24)�2 = ∫
3�∕2

�

d�

�p

/

∫
2�

�

d�

�p

(25)� =
�1 + �2

2
.

In the following sections, we will investigate the dif-
ference of rotational dynamics between paramagnetic 
and ferromagnetic particles using systematic numerical 
simulations under both weak and strong magnetic fields. 
Specifically, we will study the effect of magnetic field on 
the period of rotation, symmetry properties of the particle 
rotation, and impeded angles. In addition, the numerical 
and theoretical results are compared and discussed.

4  Weak magnetic field

We will focus on the rotational dynamics of paramagnetic 
and ferromagnetic particles in the presence of a weak mag-
netic field ( S < Scr ). In this regime, both particles are able 
to perform complete rotations. However, the magnetic field 
will affect their rotation differently because the the magnetic 
torques have different dependence on the parameter (� − �) as 
in Eqs. (16) and (19).

4.1  Paramagnetic particles

First, we discuss the rotational dynamics of paramagnetic 
particle in a weak magnetic field. The rotational motion of 
the paramagnetic magnetic particle with rp = 4 when the 
magnetic field is applied perpendicular to the flow direc-
tion ( � = 0◦ ) is shown in Fig. 4. Figure 4a shows the time 
evolution of orientation angle of the particle, � , with time t 
when the relative strength S is increased from 0 to 5.04. As 
can be seen, the period of rotation increases with an increas-
ing S. With S ≈ 5.04 , the particle is impeded at a steady 
angle �s = 61.56◦ . The numerical results are in quantita-
tive agreement with the prediction ( Scr = 4 ) from our previ-
ous theory  (Zhou et al. 2017b). We study the dimensionless 
parameters �1 and �2 in Fig. 4b, c. The numerical results show 
that �1 = �2 = � for the paramagnetic particle, independent of 
the magnetic strength S < Scr , which is consistent with the 
theoretical results in Sect. 3. Thus, we only discuss � in the 
remaining of this section.

The effect of the magnetic field on the period of rotation is 
shown in Fig. 5. To better illustrate this effect, the dimension-
less period is defined by normalizing T with the Jeffery period 
TJ . We investigate four different directions of the magnetic 
field. At each direction, the dimensionless period changing 
with magnetic field strength S is studied. The symbols repre-
sent the numerical results and the solid lines are the theoretical 
predictions from Eq. (22). We observe that the dimensionless 

Table 2  The critical strength, Scr , calculated for paramagnetic and ferromagnetic particles with rp = 4 , and different �  Sobecki et al. (2018)

�(◦) 0 45 90 135 180 225 270 315

Paramagnetic 4 1 4 16 4 1 4 16
Ferromagnetic 1 1.38 7.75 1.38 1 1.38 7.75 1.38
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period, T∕TJ , increases monotonically with an increase of S 
when the magnetic field is applied at � = 0◦(a), � = 45◦(b), 
and � = 90◦(c). When the magnetic field is applied at � = 135◦

(d), the dimensionless period, T∕TJ , decreases first, and then 
increases. Furthermore, these numerical results are in quantita-
tive agreement with those when the paramagnetic particle is 
transported in a pressure-driven flow Zhang and Wang (2018). 
Additionally, the numerical results are in a very good agree-
ment with the theoretical prediction.

Figure 6 shows the dimensionless parameter, � , as a 
function of S when the magnetic field is applied at � = 0◦ , 
� = 45◦ , � = 90◦ and � = 135◦ . When the field is applied 
at � = 0◦ and 90◦ , as can be seen in Fig. 6a, c, � deviates 
further from 0.5 as S is increased, meaning the asymmetry 
of the particle rotation becomes more pronounced. Inter-
estingly, when the magnetic field is applied at � = 45◦ and 
135◦ as can be seen in Fig. 6b, d, � is always equal to 0.5, 
independent of the strength S, meaning the particle rotation 
is always symmetric with respect to � = 90◦ and 270◦ . The 

numerical simulation results have a remarkable agreement 
with the theoretical results.

4.2  Ferromagnetic particles

We now look at the rotational dynamics of a ferromagnetic 
particle under the weak magnetic field regime. Because 
the rotation of ferromagnetic particle has a period of 2� 
(or 360◦ ) in � , we perform simulations with the mag-
netic field applied at � = 0◦ , 45◦ , 90◦ , 135◦ , 180◦ , 225◦ , 
270◦ and 315◦ . Figure 7 shows the dimensionless period, 
T∕TJ , changing with the dimensionless magnetic field 
strength, S, when the magnetic field is applied at these 
eight angles. As we can see, the dimensionless period of 
rotation, T∕TJ , increases monotonically with an increase 
of S at all directions of the magnetic field, which is differ-
ent from the phenomena observed in Fig. 6 for paramag-
netic particles. When the magnetic field is applied at 135◦ , 
T∕TJ is decreased first and then increased monotonically 

(a)

τ1 τ2

(b) (c)

Fig. 4  Rotation of the paramagnetic magnetic particle ( rp = 4 ) when 
the magnetic field is applied perpendicular to the flow direction 
( � = 0◦ ). a The times evolution of orientation angle, � ; b The evolu-
tion of orientation angle, � , with the dimensionless time, t∕T

1
 ; c The 

evolution of orientation angle, � , with the dimensionless time, t∕T
2
 . 

T
1
 and T

2
 denote times taken by the particle to rotate from 0◦ to 180◦ 

and from 180◦ to 360◦ , respectively
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with increasing S for a paramagnetic particle, but for a fer-
romagnetic particle, T∕TJ is increased with increasing S. 
The numerical simulation results show remarkable agree-
ment with the theoretical results.

The dimensionless parameter, � , depends on the direction 
of the magnetic field, � , and field strength, S, as shown in 
Fig. 8. As can be seen from Fig. 8a, e, when the magnetic 

field is applied at � = 0◦ and 180◦ , �1 = �2 = � = 0.5 as S 
is increased, which is different from the paramagnetic par-
ticle in Sect.  4.1 where 𝜏1 = 𝜏2 = 𝜏 > 0.5 and increases 
with increasing S. Note that paramagnetic particles behave 
the same when the magnetic field is applied at � = 180◦ 
and � = 0◦ . When the magnetic field is applied at � = 90◦ 
as shown in Fig. 8c, 𝜏1 < 0.5 , 𝜏2 > 0.5 , and both deviate 

Fig. 5  The dimensionless 
period, T∕TJ , varies with the 
dimensionless magnetic field 
strength, S, when the magnetic 
field is applied at � = 0◦ (a), 
� = 45◦ (b), � = 90◦ (c) and 
� = 135◦ (d) for the paramag-
netic particle

(a) (b)

(c) (d)

Fig. 6  The dimensionless 
parameter, � , varies with the 
dimensionless magnetic field 
strength, S, when the magnetic 
field is applied at � = 0◦ (a), 
� = 45◦ (b), � = 90◦ (c) and 
� = 135◦ (d) for the paramag-
netic particle

(a) (b)

(c) (d)
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more from 0.5 with increasing S, but � remains 0.5. Simi-
lar results are observed when the magnetic field is applied 
at � = 270◦ as shown in Fig.  8g. In this case, 𝜏1 > 0.5 , 
𝜏2 < 0.5 , and � = 0.5 for all values of S. These results are 
different from the paramagnetic particle in Sect. 4.1 where 
𝜏1 = 𝜏2 = 𝜏 < 0.5 and are decreased with increasing S.

When the magnetic field is applied at � = 45◦ , 𝜏1 < 0.5 , 
𝜏2 > 0.5 , and 𝜏 < 0.5 ; when the magnetic field is applied 

at � = 135◦ , 𝜏1 < 0.5 , 𝜏2 > 0.5 , but 𝜏 > 0.5 ; when the mag-
netic field is applied at � = 225◦ , 𝜏1 > 0.5 , 𝜏2 < 0.5 , and 
𝜏 < 0.5 ; when the magnetic field is applied at � = 315◦ , 
𝜏1 > 0.5 , 𝜏2 < 0.5 , but 𝜏 > 0.5 . These three parameters 
deviate further away from 0.5 with increasing S when 
the magnetic field is applied at � = 45◦ , 135◦ , 225◦ and 
315◦ , which are different from the paramagnetic particle in 
Sect. 4.1, where �1 = �2 = � = 0.5 in the weak field regime.

Fig. 7  The dimensionless 
period, T∕TJ , varies with the 
dimensionless magnetic field 
strength, S, when the mag-
netic field is applied at � = 0◦ 
(a), � = 45◦ (b), � = 90◦ (c), 
� = 135◦ (d), � = 180◦ (e), 
� = 225◦ (f), � = 270◦ (g) and 
� = 315◦ (h) for the ferromag-
netic particle

(a)

(c)

(b)

(d)

(e)

(g)

(f)

(h)
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5  Strong magnetic field

As we explained earlier, the particle could not have a full 
rotation when the magnetic field strength is increased to 
a certain value. So, in this section, we will focus on the 
impeded steady angles of paramagnetic and ferromagnetic 
particles in the presence of a strong magnetic field.

5.1  Paramagnetic particles

We first examine the rotational dynamics of a paramag-
netic particle under a strong magnetic field. Figure 9 shows 
the evolution of particle orientation angle, � with time, t, 
and the corresponding impeded angles for different mag-
netic field strengths and directions. As can be seen, for a 
fixed magnetic field direction, when the relative strength 

Fig. 8  The dimensionless 
parameter, � , varies with the 
dimensionless magnetic field 
strength, S, when the mag-
netic field is applied at � = 0◦ 
(a), � = 45◦ (b), � = 90◦ (c), 
� = 135◦ (d), � = 180◦ (e), 
� = 225◦ (f), � = 270◦ (g) and 
� = 315◦ (h) for ferromagnetic 
particle

(a) (b)

(c) (d)

(f)

(g) (h)

(e)



Microfluidics and Nanofluidics (2018) 22:83 

1 3

Page 11 of 17 83

S is increased, the impeded angle, �s , is decreased; for a 
fixed relative strength, when the magnetic field direction 
is increased, the impeded angle is increased as can be seen 
in Fig. 9a2, b2, (c2) and (d2). For example, when S = 30 , 
�s = 14.95◦ for � = 0◦ ; �s = 51.43◦ for � = 45◦ ; �s = 90.93◦ 
for � = 90◦ ; �s = 146.09◦ for � = 135◦ . Recall that S is a 
parameter to characterize the relative strength between the 
magnetic and hydrodynamic effects on a magnetic particle. 

A larger S means the magnetic effect is more pronounced 
than hydrodynamic effect, and the major axis of the par-
ticle becomes more aligned to the magnetic field direc-
tion. The theoretical impeded angle, determined from Eq. 
(17) for S range from 10 to 40 (20–40 for � = 135◦ due to 
Scr = 16 ), are shown as solid lines in Fig. 9(a2), (b2), (c2) 
and (d2). The numerical results of the impeded angles are 
in close agreement with the theoretical prediction.

alpha=0

alpha=45

alpha=90

alpha=135

(c1) (c2)

(d1)

(b1)

(a1) (a2)

(b2)

(d2)

Fig. 9  The time evolution of orientation angle, � , and the stable orientation angle, �s as a function of S, when the magnetic field is applied at 
� = 0◦ (a), � = 45◦ (b), � = 90◦ (c) and � = 135◦ (d) for the paramagnetic particle
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5.2  Ferromagnetic particles

Here, we will discuss the rotational dynamics of a ferro-
magnetic particle ( rp = 4 ) under the strong magnetic field. 
Figure 10 shows the time evolution of orientation angle, � , 
and the corresponding impeded angles for different rela-
tive strengths and different magnetic field directions. The 
dependence of �s on S and � is similar to that of paramag-
netic particles. For a fixed magnetic field direction, when 
the relative strength S is increased, the impeded angle, 
�s , is decreased; for a fixed relative strength, when the 
magnetic field direction is increased, the impeded angle 

is increased. For example, when S = 30 , �s = 25.76◦ for 
� = 0◦ ; �s = 55.85◦ for � = 45◦ ; �s = 91.82◦ for � = 90◦ ; 
�s = 163.70◦ for � = 135◦ . The impeded angle, computed 
from Eq. (17) for S range from 10 to 40, is shown as solid 
lines in Fig. 10 (a2), (b2), (c2) and (d2), suggesting good 
agreement between the numerical results and theoretical 
prediction.

However, compared with the results of paramagnetic par-
ticle shown in Fig. 9, the impeded angles of ferromagnetic 
particles are always larger than those of paramagnetic par-
ticles when they are subjected to the same relative strengths 
(S) and magnetic field direction ( � ). For example, when 

Fig. 10  The time evolution of 
orientation angle, � , and the 
stable orientation angle, �s , as 
a function of S, when the mag-
netic field is applied at � = 0◦ 
(a), � = 45◦ (b), � = 90◦ (c) and 
� = 135◦ (d) for the ferromag-
netic particle

(b1) (b2)

(a1) (a2)

(c1) (c2)

(d1) (d2)
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S = 20 and � = 0◦ , �s = 22.00◦ for the paramagnetic parti-
cle, while �s = 34.15◦ for the ferromagnetic particle.

6  Particle lateral migration in a simple shear 
flow near the wall

The results presented in the previous sections have illus-
trated many differences of rotational dynamics between 
paramagnetic and ferromagnetic particles when they are 
subjected to a uniform magnetic field, where the wall effects 
can be neglected. Prior investigations have shown lateral 
migration in wall-bounded shear flows for either paramag-
netic particles in a weak magnetic field (Zhou et al. 2017a, 
b; Zhang and Wang 2018; Cao et al. 2018), or ferromagnetic 
particles in a strong magnetic field (Matsunaga et al. 2017a, 
b). However, systemic studies on the lateral migration of 
paramagnetic and ferromagnetic particles under the weak 
and strong magnetic fields are absent. Therefore, in this sec-
tion, we will use numerical simulations to study the lateral 
migration of the two different particles in a simple shear 
flow near the wall.

The numerical model of an elliptical particle suspended 
in a simple shear flow near the wall is shown in Fig. 11a. In 
this model, the velocity of the bottom wall is kept at zero, 
while the velocity of the top wall is at a constant velocity 
�̇�W�x . The length of the channel L = 900 μm. The width of 
the channel W is set to 100 μm. To investigate the effect of 
the wall, the particle is initially placed at a particle–wall 
separation distance yp0 = 10 μm. The effect of the other wall 
is negligible due to the large separation distance. Our previ-
ous numerical study Zhang and Wang (2018) indicated that 
the inertia effect (Re = 0.125) can cause a small net lateral 
migration in the absence of magnetic field. Thus, to avoid 
the inertia effect, the viscosity of the fluid is set to 0.1 Pa⋅ s 
and the shear rate is set to �̇� = 80 s −1 , resulting in a small 
Reynolds number (Re = 0.008 ≪ 1 ). This way, the effect of 
magnetic field is isolated to study its influence on particle 
migration. The other parameters are the same as before.

6.1  Weak magnetic field

As we have discussed in Sect.  4, the symmetry prop-
erty (characterized by � ) of particle’s rotational veloc-
ity depends on the magnetic properties of the particle, 
and the direction of the magnetic field. Specifically, for 
paramagnetic particles, 𝜏 > 0.5 when the magnetic field 
is applied at 0◦ , and 𝜏 < 0.5 for paramagnetic particles 
when the magnetic field is applied at 90◦ , while for fer-
romagnetic particles, � = 0.5 when the magnetic field is 
applied at 0◦ , 90◦ , 180◦ and 270◦ . Second, for paramagnetic 
particles, � = 0.5 when the magnetic field is applied at 45◦ 
and 135◦ , while for ferromagnetic particles, 𝜏 < 0.5 when 

the magnetic field is applied at 45◦ and 225◦ , and 𝜏 > 0.5 
when the magnetic field is applied at 135◦ and 315◦ . We 
will discuss those two cases separately to understand their 
lateral migration.

First, let us discuss about the lateral migration of para-
magnetic and ferromagnetic particles when the magnetic 
field is applied at 0◦ , 90◦ , 180◦ and 270◦ . Due to a periodic-
ity of �(180◦ ) in � for paramagnetic particles, the results for 
� = 0◦ and 180◦ , � = 90◦ and 270◦ are the same, so we only 
need to perform simulations for � = 0◦ and � = 90◦ . Fig-
ure 12 shows that the lateral migration with time over a 2� 
(or 360◦ ) period for paramagnetic and ferromagnetic parti-
cles when the magnetic field of S = 0.67 is applied at 0◦ , 90◦ , 
180◦ and 270◦ . As can be seen in Fig. 12a for the paramag-
netic particle, the net lateral migration is away from the wall 
when � = 0◦ , and towards the wall when � = 90◦ . However, 
for the ferromagnetic particle as shown in Fig. 12b, there 
are negligible net lateral migrations when the magnetic field 
is applied at � = 0◦ , 90◦ , 180◦ and 270◦ . Therefore, we can 
separate paramagnetic and ferromagnetic particles using a 
simple shear flow near the wall when a weak magnetic field 
is applied at 0◦ , 90◦ , 180◦ and 270◦.
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Fig. 11  Schematic illustration of the numerical model of an ellipti-
cal particle suspended in a simple shear flow near the wall and in a 
plane Poiseuille flow in a microchannel under the influence of a uni-
form magnetic field �

0
 . The fluid and particle domains are Ω and �  , 

respectively. The orientation angle of the particle is denoted by � . 
The particle–wall separation distance is denoted by yp
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Next, we examine lateral migration of paramagnetic and 
ferromagnetic particles when � = 45◦ , 135◦ , 225◦ and 315◦ . 
We only carry out simulations when � = 45◦ and 135◦ for 
paramagnetic particles. Figure 13 shows that the lateral 
migration changes with time over a 2� (or 360◦ ) period for 
paramagnetic and ferromagnetic particles when a magnetic 
field of strength S = 0.67 is applied at � = 45◦ , 135◦ , 225◦ 
and 315◦ . As can be seen in Fig. 13a, for the paramagnetic 
particle, there are no net lateral migrations when � = 45◦ , 
or 135◦ . However, for the ferromagnetic particle as shown 
in Fig. 13b, there is a positive net lateral migration when 
� = 135◦ or 225◦ , and a negative net lateral migration when 
the magnetic field is applied at � = 45◦ and 315◦ . Therefore, 
we can separate the paramagnetic and ferromagnetic parti-
cles in a simple shear flow near the wall when the weak mag-
netic field is applied at 45◦ , 135◦ , 225◦ and 315◦ . But the net 
lateral migration over a period is smaller than the first case.

For the paramagnetic particle in a weak magnetic field, 
our numerical results are consistent with findings of several 
previous studies  (Zhou et al. 2017b; Zhang and Wang 2018; 
Cao et al. 2018): the particle moves away from the wall when 
𝜏 > 0.5 ; the particle moves downwards when 𝜏 < 0.5 ; no net 
lateral migration when � = 0.5 . This numerical study fur-
ther confirms same results for the ferromagnetic particle in 
a weak magnetic field: the particle will move upwards when 
𝜏 > 0.5 ; the particle will move downwards when 𝜏 < 0.5 ; no 
net lateral migration when � = 0.5.

6.2  Strong magnetic field

As we have discussed in Sect. 5, the impeded angles of the 
paramagnetic and ferromagnetic particles are different for 
the same S and � . Thus, we carry out simulations for the 
paramagnetic and ferromagnetic particles to understand 
the effect of a strong magnetic field on lateral migration, as 
shown in Fig. 14. When a strong magnetic field is applied 
at � = 0◦ , the time evolution of orientation angle � and the 
lateral migration, (yp − yp0) , of paramagnetic (red line) and 
ferromagnetic (black line) particles are shown in Fig. 14a, 
b. For both particles, a moderate strength S = 10 (solid line) 
and a large strength S = 40 (dash line), the impeded angles 
and lateral migration are different. But the difference of the 
impeded angles for S = 40 is more significant than those 
for S = 10 . The net lateral migration between paramagnetic 
and ferromagnetic particles also shows marked difference for 
S = 40 . This comparison suggests that it would be advanta-
geous to use stronger field strength to separate the paramag-
netic and ferromagnetic particles when the magnetic field is 
applied at � = 0◦.

Figure 14c, d shows the evolution of orientation angle 
� and the lateral migration, (yp − yp0) , of paramagnetic 
(red line) and ferromagnetic (black line) particles when 
a strong magnetic field is applied at � = 90◦ . In this case, 
there is a larger difference of both impeded angle and lat-
eral migration for S = 10 (solid line) than for S = 40 (dash 

Fig. 12  Transport of the mag-
netic particles ( rp = 4 ) near the 
wall under a weak magnetic 
field. a The lateral position 
of the paramagnetic particle, 
(yp − yp0) , over a period. b The 
lateral position of the ferromag-
netic particle, (yp − yp0) , over 
a period

(a)

(b)
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Fig. 13  Transport of the mag-
netic particles ( rp = 4 ) near the 
wall under a weak magnetic 
field. a The lateral position 
of the paramagnetic particle, 
(yp − yp0) , over a period. b The 
lateral position of the ferromag-
netic particle, (yp − yp0) , over 
a period

(a)

(b)

Fig. 14  Transport of the mag-
netic particle ( rp = 4 ) near the 
wall under a strong magnetic 
field. a The evolution of orien-
tation angle � and b the lateral 
position of the paramagnetic 
(red) and ferromagnetic (black) 
particles (yp − yp0) vary with the 
time t when the magnetic field 
is applied at 0◦ ; c The evolution 
of orientation angle � and d the 
lateral migration, (yp − yp0) , 
of paramagnetic(red) and 
ferromagnetic(black) particles 
vary with the time t when the 
magnetic field is applied at 90◦

(a) (b)

(d)(c)
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line). This finding suggests that a moderate field strength 
( S = 10 ) can result in better separation between the para-
magnetic and ferromagnetic particles than a stronger field 
( S = 40 ) if the magnetic field is perpendicular to the flow, 
i.e., � = 90◦.

7  Particle lateral migration in a plane 
Poiseuille flow in a microchannel

While the previous findings are obtained for particles sus-
pended in simple shear flows (constant shear rate), we expect 
that they are qualitatively valid for Poiseuille flows, which 
are the predominant form of flow in practical applications. 
In this section, we study particle lateral migration in a plane 
Poiseuille flow in a microchannel. The numerical model is 
shown in Fig. 11b. The width and length of the channel are 
W = 50 � m and L = 1200� m, respectively. The initial par-
ticle–wall separation distance is yp0 = 12� m. Water is the 
most commonly used fluid medium, thus we use water as the 
fluid in this simulation. The average inlet flow velocity is 2.5 
mm/s, resulting Reynolds number Re = 0.125.

As we have discussed in Sect. 6, the separation is pos-
sible when the magnetic field is applied at 0◦ and 90◦ . Here, 
we perform simulations when the magnetic field is applied 
at � = 0◦ and 90◦ . With a weak magnetic field applied, the 
particle lateral migration in the plane Poiseuille flow in the 
microchannel is shown in Fig. 15a, b. As can be seen, the 
trajectories of paramagnetic particle (red line in Fig. 15) and 

ferromagnetic particle (black line in Fig. 15) are qualita-
tively similar to those in a simple shear flow near a wall 
(Fig. 11b).

When a strong field is used, previous discussions have 
indicated better separation performance when the mag-
netic field is applied at � = 0◦ ; while for a moderate rela-
tive strength (still must be larger than Scr ), the field applied 
at � = 90◦ leads to a better separation. This finding is con-
firmed by numerical simulations for S = 40 with � = 0◦ and 
S = 12 with � = 90◦ , as shown in Fig. 15c. Note that the 
parabolic velocity profile does affect the critical strength, 
and S = 12 is used to impede particle rotation. Nevertheless, 
the conclusions from simple shear flows apply qualitatively 
to pressure-driven flows in a channel.

8  Conclusion

In this work, we developed a multi-physics numerical 
model to investigate the rotational dynamics of paramag-
netic and ferromagnetic particles that have elliptical shape, 
in a simple shear flow and under a uniform magnetic field. 
We investigated the effects of strength and direction of the 
magnetic field on rotational dynamics of paramagnetic and 
ferromagnetic particles. The results show that the symme-
try of rotational velocity is modified by the magnetic field. 
When the magnetic field strength increases to a large enough 
value (the critical magnetic field strength), the particle rota-
tion is impeded. In a weak field regime (below the critical 
magnetic field), the particle completes a full rotation, and 

Fig. 15  Transport of the mag-
netic particle ( rp = 4 ) in a plane 
Poiseuille flow in a microchan-
nel when the magnetic field is 
applied at 0° (a, c) and 90° (b, 
d). S = 0.48 for (a) and (b); 
S = 40 for (c); S = 12 for (d). 
The red line represents for the 
paramagnetic particle and the 
black line the ferromagnetic 
particle

(a) (b)

(c) (d)
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the symmetrical property of particle rotations depends on 
the direction of the magnetic field. For the same strength 
and direction of the magnetic field, paramagnetic and fer-
romagnetic particles exhibit different asymmetric rotational 
behaviors. In the strong field (above the critical strength), the 
particles are pinned at their respected steady angles, which 
depend on the direction of magnetic field. The steady angles 
of paramagnetic and ferromagnetic particles are different for 
the same magnetic field strength and direction. The numeri-
cal results have very good agreement with that of theoretical 
analysis.

Based on the findings of the particle rotational dynam-
ics, the lateral migration of paramagnetic and ferromagnetic 
elliptical particles in a simple shear flow near the wall is 
investigated. The results show that the paramagnetic and 
ferromagnetic particles have different lateral migration 
motions for the same flow and magnetic conditions. Thus, 
we can separate these two kinds of particles in a simple shear 
flow under the magnetic field. Finally, the lateral migration 
of paramagnetic and ferromagnetic particles in a pressure-
driven channel flow is investigated. Paramagnetic and fer-
romagnetic particles in pressure-drive flows behave quali-
tatively similar to those in simple shear flows, suggesting a 
useful strategy to manipulate non-spherical micro-particles 
in the microfluidic devices.
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